2. -Statement of the Riemann Hypothesis.
From an arithmetical point of view, the basic question is the following : how many solutions has a polynomial congruence f(x,y) = 0 (mod p ) , f(x,y) € 2 [x,y] ?
The congruence (l) may be construed either as the equation of a curve, F , over F in the affine plane or as defining a function field L = F (x,y) . More generally, one considers a function field k(x,y) (or a curve T/k) over a finite field, k , of q elements.
From a geometrical point of view, the prd61-em is to count the rational points on F /k ; in terms of function fields, one asks for the number of finite prime divisors of L of degree 1 (or the number of places of decree 1 at finite distance). From both points of view, it is more natural to consider curves in projective space and to include the places at infinity. We shall do so in what follows.
Let N denote the number of places of degree 1 of the function field Lk , 
where g is the genus* (See Wei^s article C8J for a history of the problem).
The zeta function Z(u) of L is the function, of a complex variable u , defined by u ||^ Z(u) = I N^ u 11 = 5 N^ q"^ (s = a+it). (3) n=l n=l
On using the functional equation (essentially the Riemann-Roch Theorem) and (2) , -1/2 one deduces that the series (3) has radius of convergence not less than q 1/2 and it follows that the zeros of Z(u) have absolute value q . The latter result is the one usually known as the Riemann Hypothesis. It was first proved, for g = 1 , by Hasse [5] , using abstract complex multiplication, and the general case was proved by Well [T] 9 using the inequality of Castelnuovo-Severi in a setting of abstract algebraic geometry whose foundations he had already laid. (All the ideas introduced thus far are exposed in Chevalley^ Bourbaki Seminar, [ U] ). 
where s is the least integer defined by ss (N-l)/q-l • Computations in special cases, together with the consequences which it implies, suggest the truth of the following conjecture.
where Y is the integer defined by
4. -The conjecture implies the Riemann Hypothesis in the hyperelliptic case.
Let L be a function field of transcendence degree 1 defined over the finite field k and let N = N-, denote the number of places of L of degree 1 .
We show that if N is bigger than q , then the genus of L cannot be too small.
More precisely, we have :
PROPOSITION. Let q s 2g , N>q+l and suppose that the Conjecture is true.
Proof. It follows from the Riemann-Roch Theorem that there exists t € L that has simple poles at the places of degree 1 and no other singularities.
Thus L is a "totally real" extension of k(t) of degree N ; that is, L has
along the diagonal, where at each infinite place L is to be viewed as contained A in K . 
So, from (II) ,
This completes the proof of the Proposition. Of course, the result (12) is an immediate consequence of (2), but our purpose is to derive (2) from (12).
COROLLARY. Lf L is hyperelliptic, then the Riemann Hypothesis is true for L .
Proof. If L is hyperelliptic, then it is quadratic over some subfield, k(x).
Namely, L = k(x,y) where y = g(x) and x = (J^/U) is the ratio of differentials of the first kind.
Without loss of generality, we may suppose that the condition q ^ 2g of the Proposition holds. So it suffices to verify N > q+1 . We show that if this condition does not hold,, then the desired result can be obtained by considering a related field.
Suppose that L has N <q-l places of degree 1 . Consider the field Ld efined by
where a ^ k . For x € k , the equation (l6) has a solution if and only if y 2 = g(x) has not. Consequently, the new field has 2q-N > q+1 places of degree 1 . We now apply the Proposition with L in place of L and 2q-N in place of N , and so obtain the desired inequality.
One would like to find an argument \ 2 ) resembling the proof of the Corollary in the general case, but there are apparently insurmountable obstacles. In the general case, we have a curve T/k and the Frobenius F(r) on T induces an endomorphism on the Jacobian. We want a curve T^ such that the Frobenius F(T^) = -F(T) .
Professor Serre has pointed, out to me that the argument given above in the hyperelliptic case is essentially a Galois descent applied to the Jacobian. Since, in that case, r has an automorphism of order 2 which is -1 on the Jacob ian, one can descend the Jacobian to obtain the Jacob ian of F .In general, the descent yields an abelian variety which is not obviously a Jacobian.
5. -Comments on the Conjecture. Perhaps the most interesting feature of the Conjecture and the consequent Proposition is that, together, they throw some light on the relative depths of the ordinary Riemann Hypothesis and its analogue for curves. The latter appears to be analogous to the problem of finding the precise lower bound for the discriminant of a number field and so, presumably, is less deep than the problem of determining the abscissae of the zeros of C, (s) .
From the point of view of the geometry of numbers, there are at least two possible approaches to a proof of (10).
The first begins by observing that if q = N-2 , then (9) already gives the same bound for JYL, as does (10) . This suggests the possibility of using induction on N , for fixed q .
In order to make the induction step, one would like to use an argument along the following lines. Without loss of generality (cf. the proof of (9) given in 
Now, if there is no cancellation of terms of highest degree in t on the left hand side, then the inequality (19) implies that are taken to be a "basis for a hyperelliptic field, then one might be able to achieve a normalization of the desired kind.
A variation on the induction theme is suggested by a method of Mordell, which allows one, in certain circumstances, to replace an N-dimensional problem by a related (N-l)-dimensional problem, (cf.
[l] , for references and a generalization).
In the present situation, we denote by X-the lower bound of the numbers \ with the property that for any set of N linear forms , L. ,..., L«-, in N variables, of determinant 1 , the inequality
has a non-zero solution in R . If n is similarly defined with reference to the inequality We turn now to the situation presented by N linear forms in the most general AM ease. We consider the algebra K with componentwise multiplication and we replace Am the integers 0 by a fixed R-order A of K ; namely, the R-order generated by the N linear forms (6) . Suppose that (.25) ., , . .
We consider those lattices (free R-modules) McA which are tf irreducible^ and have the property that AM CM .
Then A /M is a k-vector space of dimension m , wherê
We define such a lattice to be prime and of degree m . Then the number of prime lattices of degree 1 generalizes the number of finite prime divisors of degree 1 in a function field and one might hope to prove the appropriate generalization of (2) , with the number Y in (27) in place of the genus g .
Unfortunately, in order to introduce enough multiplicative structure into the problem, it appears to be necessary to take A to be the lattice corresponding to the order 0^ in the function field L ; so the hope of a significant generalization may prove to be illusory.
When Alice performed the subtraction 365 -1 for Humpty Dumpty in her head, he looked doubtful and said : "^d rather see that done on paper". No doubt a similar preference is felt by the reader on seeing the foregoing sketch. I do intend to publish the details some time, though I still hanker after the linear forms conjecture.
T. given by (II) , then at least one member of the family © has a non-trivial section.
In this context, it is interesting to note that, given such a bundle (or matrix), (The reduction (32) follows immediately from the characterization of convex bodies given by Mahler [6] . It is strongly reminiscent of Grothendiec^s Theorem on the decomposition of vector bundles over the Riemann sphere).
